Abstract. The recursion relations of branching coefficients k
for a module L µ g↓h reduced to a Cartan subalgebra h are transformed in order to place the recursion shifts γ ∈ Γ a⊂h into the fundamental Weyl chamber. The new ensembles F Ψ (the "folded fans") of shifts were constructed and the corresponding recursion properties for the weights belonging to the fundamental Weyl chamber were formulated. Being considered simultaneously for the set of string functions (corresponding to the same congruence class Ξ v of modules) the system of recursion relations constitute an equation M 2 are explicitly constructed demonstrating that the set of folded fans provides a compact and effective tool to study the integrable highest weight modules.
Introduction
We consider integrable modules L µ with the highest weight µ for affine Lie algebra g and are especially interested in the properties of the string functions related to L µ . String functions and branching coefficients of the affine Lie algebras arise in the computation of the local state probabilities for solvable models on square lattice [1] . Irreducible highest weight modules with dominant integral weights appear also in application of the quantum inverse scattering method [2] where solvable spin chains are studied in the framework of the AdS/CFT correspondence conjecture of the super-string theory (see [3, 4] and references therein).
There are different ways to deal with string functions. One can use the BGG resolution [5] (for Kac-Moody algebras the algorithm is described in [6, 7] ), the Schur function series [8] , the BRST cohomology [9] , Kac-Peterson formulas [6] or the combinatorial methods applied in [10] .
Here we want to develop a new description for string functions by applying the recursive formulas for weight multiplicities and branching coefficients obtained in [11] .
It was proved in [6] that for simply laced or twisted affine Lie algebra and integrable module L µ with the highest weight µ of level 1 the string function is unique: 
where the character can be treated as generated by the denominator 1 R acting on the set of singular vectors Ψ (µ) = w∈W ǫ(w)e w•(µ+ρ)−ρ of the module L µ we see that in the relation (1) both factors on the right hand side are simplified: singular weights are substituted by the maximal ones and instead of the factor 1 R the string function σ u e −δ is applied. In this paper we shall demonstrate that similar transformations can be defined when the level k (µ) is arbitrary. To find these transformations we use the recursion properties of branching coefficients k
for the reduced module L µ g↓a where the subalgebraa has the same rank as g: r(a) = r(g). These properties are formulated in [11] in terms of relations
where π a is the projection to the weight space of a and Γ a⊂g is the fan of the injection a −→ g, that is the set of vectors defined by the relation
(with s (γ) = 0). In particular when a is a Cartan subalgebra h of g the coefficients k (µ) ξ are just the multiplicities of the weights of L µ and the corresponding fan Γ h⊂g coincides with Ψ (0) -the set of singular weights ψ ∈ P for the module L 0 .
In Section 3 we demonstrate that this set can be "folded" Ψ (0) −→ F Ψ so that the new shifts (the vectors of the folded fan) f ψ ∈ F Ψ connect only the weights in the closure of the fundamental Weyl chamber while the recursive property survives in a new form. Thus the recursive relations are obtained for the coefficients of the string functions for the modules L ξ j whose highest weights ξ j belong to the same congruence class Ξ k;v . When these relations are applied simultaneously to the set of string functions located in the main Weyl chamber (Section 4) this results in the system of linear equations for the string function coefficients (collected in the vectors m (µ) (s,u) ). This system can be written in a compact form M
where the operator M Ξv (u) is a matrix whose elements are composed by the multiplicities of weights in the folded fans F Ψ. The set is solvable and the solution -the vector m µ (u) -defines the string functions for L µ up to an arbitrary minimal grade u. In the Section 5 some examples are presented where the string functions for modules of g = A (1) 2 are explicitly constructed. The set of folded fans provides a compact and effective method to construct the string functions.
Basic definitions and relations
Consider the affine Lie algebra g with the underlying finite-dimensional subalgebra
The following notation will be used: L µ -the integrable module of g with the highest weight µ; r -the rank of the algebra g; ∆ -the root system; ∆ + -the positive root system for g; mult (α) -the multiplicity of the root α in ∆;
• ∆ -the finite root system of the subalgebra k -the intersection of the closure of the fundamental Weyl chamber C (0) with the plane with fixed level k = const; P -the weight lattice; Q -the root lattice;
Zα ∨ i for untwisted algebras or A
2r ,
E -the group algebra of the group P ;
δ α∈M e tα•λ -the classical theta-function; Ψ (µ) -the set of singular weights ψ ∈ P for the module L µ with the coordinates
(ξ−nδ) q n -the string function through the maximal weight ξ.
Folding a fan
The generalized Racah formula for weight multiplicities m ξ (with ξ ∈ P ) in integrable highest weight modules L µ (g) (see [13] for a finite dimensional variant),
can be obtained as a special case of developed in [11] (see also [14] ) branching algorithm for affine Lie algebras. To apply this formula (2) we must determine two sets of singular weights:
for the module L µ and Ψ (0) for L 0 . (As it was indicated in the Introduction the set Ψ (0) coincides with the fan Γ h⊂g of the injection h −→ g of the Cartan subalgebra h in the Lie algebra g.) Our main idea is to contract the set Ψ (0) (the fan Γ h⊂g ) into the closure C (0) of the fundamental Weyl chamber C (0) . We shall use the set max(µ) of maximal weights of L µ (g) instead of Ψ (µ) . And as a result we shall find the possibility to solve the relations based on the recurrence properties of weight multiplicities, to obtain the explicit expressions for the string functions σ µ ξ∈max(µ) and thus to describe the module L µ .
Consider the module
k with the plane δ = 0, that is the "classical" part of the closure of the affine Weyl chamber at level k.
To each ξ ∈ P attribute a representative w ξ ∈ W of the class of transformations
bringing the weight ξ into the chamber
Fix such representatives for each shifted vector φ (ξ, w) = ξ − (w • ρ − ρ). The set
is in one-to-one correspondence with the set {φ (ξ, w)} of shifted weights. The recursion relation (2) can be written as
Consider the restriction to
In the r.h.s. the function m
.
Thus the new ("folded") shifts are introduced:
When the sum over W \ e in the expression (3) is performed the shifted weight ξ ′ acquires the (finite) multiplicity η (ξ, ξ ′ ):
(the sum is over all the elements w ∈ W \e satisfying the relation w φ(ξ,w)
The main property of the multiplicities η (ξ, ξ ′ ) is that they do not depend directly on n ξ .
k . Then the corresponding folded shifts f ψ (ξ, w) = ξ ′ − ξ and multiplicities η (ξ, ξ ′ ) depend only on k,
• ξ, and w.
Proof . As far as imaginary roots are W -stable we have:
Thus for both ξ and ξ = ξ + nδ the representatives of the classes bringing φ (ξ, w) and φ ξ, w to the fundamental chamber C (0) k can be taken equal: w φ(ξ,w) = w φ( e ξ,w) modW ξ . In the shift f ψ (ξ, w) decompose the element w φ(ξ,w) = t φ(ξ,w) · s φ(ξ,w) into the product of the classical reflection s φ(ξ,w) and the translation t φ(ξ,w) . Denote by θ ∨ φ(ξ,w) the argument (belonging to M ) of the translation t φ(ξ,w) . The direct computation demonstrates that the weight f ψ (ξ, w) does not depend on n ξ :
Thus the shift f ψ (ξ, w) can be considered as depending on k, (4)) depends only on the set of reflections w ∈ W connecting ξ and ξ ′ = ξ and does not depend on n ξ neither:
Thus we have constructed the set of (nonzero) shifts f ψ 
For simplicity from now on we shall omit some arguments and write down the shifts as f ψ
• ξ and their multiplicities as η
• ξ, ξ ′ (keeping in mind that we are at the level k and the weight ξ ′ depends on the initial reflection w). The set of vectors:
plays here the role similar to that of the set Ψ (0) \ 0 of nontrivial singular weights for L 0 in the relation (2) and is called the folded fan for 
4 Folded fans and string functions 
Let π be a projection to the subset of P with level k and grade n = 0 and introduce the set:
The cardinality
is finite and we can enumerate the corresponding weights ξ j :
The string functions necessary and sufficient to construct the diagram N µ (and correspondingly the character ch (L µ )) are
Let us consider these string functions as starting from the points ξ j rather than from ζ's.
(ξs−nδ) q n starts with string coefficients m (ξs−nδ) | n<l = 0.) Denote these extended string functions by σ µ,k j and introduce the set
Let us apply the relation (6) to the weights of the string σ
In the folded fan F Ψ 
For the same reason we can spread the first summation over all the positive grades. It is sufficient to include the vector with zero coordinates into the folded fan and put the multiplicity 
and the recursion property (6) is reformulated:
For the string σ µ,k j we can rewrite this relation separating the summations:
The properties of N µ for an integrable modules L µ guarantee that for any finite n j the first sum is finite. It extends to n ≤ −n j (remember that n j is negative). The second sum can also be augmented so that the vectors
• ξ s ; k; 0 run over the set Ξ µ k . Now taking into account that n j,s does not depend on n j (Lemma 1) the notation can be simplified:
s,n j +n := m 
For a fixed n j ≤ 0 consider the sequence of the string weights For the weights with n ≥ n j we have the sequence of relations of the type (8):
s,n j +n = 0,
Introduce the upper triangular (|n j | + 1)
The set of relations (9) reads:
Perform the same procedure for the other weights ξ j ∈ Ξ µ k putting the minimal values of grade equal: n j | j=1,...,p (µ) max = u, that is construct all the folded fans F Ψ • ξ j (till the grade u) and the corresponding sets of multiplicities η j,s (n) (defined by relations (7)). For j = 1, . . . , p (µ) max compose (|u| + 1)
2 equations of the type (10):
Form two (|u| + 1) × p 
, . . . , m 
In these terms the relations (11) have the following integral form:
The matrix M Ξµ being invertible the equation (12) 
where the elements η j,s (n) are the multiplicities of the folded fan weights,
with the summation over the elementsw j,s ∈ W satisfying the equation
Let the string function coefficients be the coordinates in the n j + 1-subsequences of the vector m 
Thus the solution m (µ) (n j ) describes all the string functions relevant to the chosen module L µ (with the grades no less than the preliminary fixed n j = u).
To describe the complete string functions it is sufficient to send u to the limit u → −∞ .
Examples
Consider the fan Γ h⊂g (with n ψ (0) ≤ 9): 
Here the first two coordinates are classical in the basis of simple roots {α 1 , α 2 }, next comes the level k = 0, the grade n ψ (0) and the multiplicity m ψ (0) of the weight ψ (0) ∈ Γ h⊂g (for the injection h −→ g we have m ψ (0) = −ǫ(w)).
k = 1
The set C The classical components
• f ψ of the folded fan shifts
1;0 these classical components are equal to zero, thus the folded fan has the form
It is convenient to indicate the multiplicities
as the additional coordinates of the shifts f ψ:
Thus any folded fan for the highest weight µ of level k = 1 contains only "one string". Moreover the fans F Ψ 
1;0 . The latter results are in full accord with the Proposition 12.6 in [6] .
Using the fan Γ h⊂g we obtain the folded fan (only the shifts with nonzero multiplicities η j,j are indicated, the maximal grade here is n = 20): 
The matrix M is block-diagonal and the equation (13) The obtained expression coincides with the expansion of the square of the inverse Euler function (see Proposition 12.13 in [6] and the relation (12.13.4) there).
k = 2
The set C for s, t = 1, 2: in accord with the A 2 external automorphism.
k = 4
The set C
1;0 contains 15 projected maximal weights
This set is divided into 3 congruence classes. Instead of the set Ξ 4 we can consider separately three subsets: (1; 2; 1; 1) , (1; 2; 2; −1) , (1; 2; 6; −1) , (1; 2; 7; 1) , (1; 2; 9; 1) , (2; 1; 1; 1) , (2; 1; 2; −1) , (2; 1; 6; −1) , (2; 1; 7; 1) , (2; 1; 9; 1) , (2; 2; 0; −1) , (2; 2; 2; 2) , (2; 2; 6; −2) , (2; 2; 8; −1) , . . . .
Their multiplicities (for n = 0, . . . , 9) {η 1,1 (−9 + n)} = {−1, 0, 0, 0, 0, 0, 0, 0, 2, 0} , {η 1,2 (−9 + n)} = {2, 1, 0, −1, −2, 2, −2, −1, 2, 0} , 
